Dynamics of general relativistic systems is given with respect to internal clocks. We investigate the extent to which the choice of internal clock in quantum description of the gravitational field determines the quantum dynamics. We develop our method by making use of the Hamilton-Jacobi theory, which is extended to include time coordinate transformations. Next, we apply our method to a quantum model of the flat Friedmann universe and compute some clock-induced deviations to semiclassical phase space trajectories. Within a fixed quantization we find the abundance of possible semiclassical extensions to general relativity by switching between clocks. It follows that concepts like minimal volume, maximal curvature and even a number of quantum bounces, often used to describe quantum effects in gravity, are clock-dependent.
INTRODUCTION
Einstein's theory of gravitation removes the absolute time and passes its tasks onto internal clocks, which themselves are dynamical degrees of freedom in the Universe. Some clocks might be better than others for studying the dynamics of the gravitational field, but the dynamics itself is unique and its formulation transforms suitably upon switching between clocks. In canonical relativity, configurations of gravitational field are given by three-geometries. A family of three-geometries, which solves Hamilton's equations, can be piled up to recover the spacetime of Einstein's theory. Furthermore, the multiplicity of ways to arrive at the same spacetime by stacking different families of three-geometries is encoded into the gravitational Hamiltonian, which is a constraint.
In quantum theory, the gravitational field is subject to quantum fluctuations and one of clock's rôles is to impose simultaneity among possible configurations of the field. It must set a universal "piling" prescription for all physical spacetimes and thus can be identified with one of internal (scalar) degrees of freedom monotonically evolving for all solutions contained by a given gravitational system [1, 2] . In canonical description, to each value of clock there corresponds a subset of respective three-geometries and their canonical momenta in the constraint surface. This subset establishes the physical phase space of the gravitational field. Promoting canonical coordinates on the physical phase space to linear operators, establishes a quantum space of physical states, the physical Hilbert space.
As it is seen from above, the physical Hilbert space is intimately tied to the choice of internal clock, which determines the way in which the canonical commutation rules are imposed. We note that there are other ways to obtain physical Hilbert spaces, e.g. through the Dirac approach. Nevertheless, we note that in order to extract a dynamical content of the solutions to the Wheeler-DeWitt equation, one imposes, e.g. the KleinGordon product, together with a separation of positive and negative frequency solutions based on some choice of clock [3] . Therefore, it is natural to ask how quantum dynamics of gravitational field given in distinct physical Hilbert spaces are related and whether the dynamics are in any sense compatible. This appears to be the most essential question about quantum gravity and it has been addressed by eminent researchers, e.g. in [4] . Unfortunately, no satisfactory answer is known by now (cf [3, 5, 6] ). In this letter we show that the question can be principally answered and we show how to do it. We shed some light on the questioned compatibility by considering a finite-dimensional model of quantum gravity.
In order to be able to relate different quantum dynamics, one first needs a tool in classical theory, which would allow to switch between clocks [7] and their associated physical phase spaces. It turns out that canonical transformations of Hamilton-Jacobi theory [8] are insufficient for this purpose. We note that the first major application of canonical transformations was to facilitate the study of motions in the Solar system within Newton's laws. The absolute time of Newton's was to be preserved. On the other hand, dealings with Einstein's theory, which lacks the preferred time, demands more general transformations. Therefore, we employ a suitable, well-motivated extension to the theory of canonical transformations to include time transformations. They lead to physically equivalent, though canonically inequivalent, formulations of the gravitational dynamics [9] .
We examine the issue of clocks and dynamics at the quantum level by means of a quantized model of flat Friedmann universe. The considerable simplification is achieved as only the homogeneous three-geometries are studied. This model proves very efficient for investigating the nature of motion in quantum gravity. Although, the slicing of each homogeneous spacetime is fixed, a large freedom in the choice of clock remains. We apply the reduced phase space quantization, that is, we first set a clock and the physical phase space, which is next quantized. The essential properties of the respective Hilbert space are extracted through a consistent arXiv:1505.04730v2 [gr-qc] 4 Jun 2016 semiclassical framework. Then, we employ our theory of "pseudo-canonical" transformations to unravel the relation between various physical Hilbert spaces. The result is universal for all approaches, which attach fundamental significance to the physical Hilbert space.
CLASSICAL AND SEMICLASSICAL DYNAMICS
We will make use of the result on quantization of Friedmann universe derived in [10] . Therein, the dynamics of the universe is given in terms of a particle moving in a half-line. For intrinsically flat universes, that is the case of the present article, the particle's motion is free. The Hamiltonian simply reads:
where (q, p) are canonical coordinates, q > 0 is related to the universe's volume and p ∈ R is related to the universe's expansion rate. The origin point q = 0 corresponds to vanishing volume and represents the classical singularity. Constant α depends on the sort of fluid contained in the universe and will be put α = 1 for simplicity. The state of the fluid is implicit as it is employed as a clock variable, denoted by t.
The quantum Hamiltonian can be obtained by an integral quantization based on affine coherent states. For a review of this method and its relation to other quantizations, see [11] . As an advantage of this method, it is associated with a consistent semiclassical description in terms of semiclassical observables replacing classical ones. The semiclassical dynamics in this framework comes from the minimization of the action [12] 
whereĤ ∈ L(H) is a quantum Hamiltonian and |q, p ∈ H are coherent states parametrized by phase space coordinates. Thus, the semiclassical motion descends from quantum one generated byĤ by confining it to the space of coherent states. It can be showed that to Hamilton's function (1), there corresponds the semiclassical Hamil-
The extra term is a repulsive potential. It removes the singularity by preventing the particle from reaching the origin point q = 0. The particle climbs up the potential until it stops and rolls back. The corresponding dynamics of the universe consists of a contracting phase, a bounce and an expanding phase. The coefficient K is of quantum origin and is proportional to 2 . We will set K = 1. See figure (1) for the semiclassical phase space trajectories determined fromȞ. We emphasize that the results of the following analysis do not rely on the particular choice of model or quantization, which is made for illustration. Furthermore, we study semiclassical features of quantum dynamics, simply because any discrepancies detected at this level will not diminish when examined within a fully quantum framework.
SWITCHING BETWEEN CLOCKS
Interestingly, for a given classical system, Hamilton's equations of motion with respect to a time function t may be replaced with an equivalent set of Hamilton's equations even upon changing the time function tot. Such a transformation cannot be canonical in the usual sense as the Poisson bracket is tied to the definition of time.
To understand such transformations, we need to think of solutions to Hamilton's equations as curves lying not in a phase space but rather in a contact manifold, which is the Cartesian product of phase space and time. The contact manifold plays a central rôle in the HamiltonJacobi theory of time-dependent canonical transformations [8] . Canonical transformations are introduced as passive, purely coordinate transformations in the contact manifold, which additionally preserve the time function. For our purpose, the constraint surface of gravitational model may be identified with the contact manifold, however, the use of fixed time function can no longer apply. In [9] it was shown that pseudo-canonical mappings, which do not preserve time, exist. They are, however, ac-FIG. 2: Geometric representation of a pseudo-canonical transformation: two coordinate systems (q, p, t) and (q,p,t) are set in the constraint surface; the physical trajectories are geometrical invariants. The respective Poisson brackets are tied to t andt, respectively. The idea of the pseudo-canonical map is to transport one Poisson structure to another one while preserving the physical trajectories.
tive transformations. They are defined unambiguously by two conditions: (i) all the physical states of the system at a given value of time function t are mapped into physical states of that system at some fixed value of time functioñ t; (ii) each point on the constraint surface (physical state) is mapped into a point lying on the same orbit (physical solution). Then the mapping is extended smoothly in order to relate monotonically all the possible values of t with all the possible values oft. Finally, the condition (ii) may be re-stated as follows: all constants of motion are preserved by the mapping. The construction is illustrated in figure (2) . More details may be found in [9] . We call those mappings "pseudo-canonical". In spite of setting up physically equivalent sets of Hamilton's equations, they relate canonical coordinates, which are associated with inequivalent Poisson structures. This point will become more clear, when we introduce such transformations for the Friedmann universe.
For the purpose of studying clocks at the quantum level, it is key to observe that the pseudo-canonical mappings relate a unique classical dynamics in more than one clock frames and thus, if quantized, they become (pseudo-)unitary transformations relating quantum dynamics in various clock frames. These transformations are not to be understood merely as basis transformations in the fixed Hilbert space. In full correspondence with the classical level, they are to be understood as active transformations under which the physical meanings attached to the quantum operators transform as well. In other words, any dynamical operator is mapped into a unitarily equivalent operator but now corresponding to another classical observable. Therefore we speak of many inequivalent physical Hilbert spaces.
The distinguished class of operators, whose physical meanings are invariant under the transformations, are quantized constants of motion, the quantum Dirac observables. This fact is a quantum counterpart of the fact that the pseudo-canonical mappings preserve the physical orbits. The transformations ensure that the Dirac observables are given the same (or, unitarily equivalent) quantum representation. Therefore, within the proposed framework, all dissimilarities between any distinct clockbased quantum descriptions are pure effects of the choice of clock rather then the choice of quantization. As we will see later the clock effect turns out to be apparently greater then effects expected solely from distinct quantizations of a fixed-clock canonical frameworks.
Consider the following setup: canonical coordinates (q, p), time function t and equations of motion generated by Hamiltonian H = p 2 . This setup is encoded into the contact form, the central object of the Hamilton-Jacobi theory:
The meaning of the above is the following: the variables (q, p) form a canonical pair with respect to time t and the equations of motion are generated by Hamiltonian H. For a fixed value of t, the contact form reduces to the symplectic form in the phase space, ω| t=const = dqdp. We wish now to switch to another clock, sayt = t + D(q, p). It is reasonable to restrict the delay functions D(q, p) so that the new clockt is monotonic along physical solutions in the contact manifold, that is:
The above inequality is satisfied by a great number of interesting delay functions. Instead of constructing here the general solution, we consider a few typical examples of specific delay functions in next section. The transformation of time with the delay function D transforms the two-form (4) as follows:
The interpretation of (6) follows as before: the coordinatesq := q + 2pD,p := p
constitute a canonical pair with respect to timet = t + D and the respective equations of motion generated by Hamiltonian H =p 2 can be formed. Although the new coordinates correspond to different observables and their dynamics is now given in another timet, they satisfy formally the same equations of motion and, most importantly, the new set of equations is physically identical with the ones arising from (4).
Eq. (7) sets up a passive, pure coordinate transformation, while in order to relate the respective Hamilton equations one needs to map one canonical structure into another. This requires an active transformation. The active transformation given by formal replacement:
is said to be pseudo-canonical as it satisfies conditions (i) and (ii) described before. To verify condition (ii) it is enough to notice that two independent Dirac observables
under the pseudo-canonical mapping (8) become
The application of the coordinate relation (7) combined with time redefinitiont = t + D indeed proves that
the Dirac observables are preserved. Note that q, which is not a Dirac's observable, is sent under the pseudocanonical map q →q = q + 2pD = q into another dynamical observable. The final step is straightforward. First, we consider a quantization of the formulation in clock t, that is, to functions of (q, p) we assign linear operators in some Hilbert space H, f (q, p) → L f (H). Now, the formal replacement of coordinates in (8) becomes the formal replacement of the corresponding quantum operators. Thus, we apply formally the same quantization to the formulation in clockt, i.e. f (q,p) → L f (H), to produce the respective quantum theory in clockt. As a result, the two quantum theories comprise the same representation of Dirac observables. However, a dynamical observable f (q, p) in tformalism corresponds to g(q,p) int-formalism such that g(q(q, p),p(q, p)) = f (q, p) in accordance with (7) and therefore it is assigned two distinct operators. Specifically, a unique dynamical observable f (q, p) in t and iñ t will be represented by L f (H) and L g (H), respectively, which may exhibit different spectra and different eigenvectors. In an analogous way, we may employ the respective coherent states to make the comparison of some semiclassical features, in particular, of semiclassical dynamics.
CLOCK EFFECT
Let us return to the semiclassical description presented in section II. We said there that semiclassical dynamics of the cosmological model would be given by the quantumcorrected HamiltonianȞ
Now, by applying the formal replacement (8) to the semiclassical description, we conclude that the same form of new Hamiltonian must be true in thet-formulation of this model. Namely, the corresponding semiclassical dynamics must be given by the following quantum-corrected HamiltonianȞt
We emphasize that the above result follows from the requirement that Dirac observables are given the same quantum representation (and from the subsequent application of the semiclassical approximation). However, the physical meaning of the canonical pair of dynamical observables has changed upon the transformation to the new clockt, and the physical interpretation of the repulsive potential must have changed as well. Indeed, by applying the coordinate relation (7), we finď
The application of the coordinate relation (7) to the semiclassical Hamiltonian (13) does not conserve the form of the contact form like in the classical case showed in (6) and thus we cannot apply the Poisson structure {q, p} = 1 to (14) to determine the motion implied by (13) . Instead, we invoke the conservation of the Hamiltonian to conclude that the semiclassical curves must be contained within the contoursȞt = const, which now depend on the repulsive term, which involves the delay function:
To understand the apparent dependence of the semiclassical correction on the clock employed in quantization (and in deriving the subsequent semiclassical description) it is enough to notice that the pseudo-canonical map preserves the physical trajectories of the classical motion shown in fig. (2) . It cannot at the same time preserve the trajectories of the semiclassical motion and this is why the semiclassical correction is not preserved under this transformation. It is clear then that the obtained discrepancies must appear universally in any quantization of any gravitational system as long as there are some corrections to the classical dynamics. We will consider some examples of time redefinitions and discuss the semiclassical dynamics, which result from the new repulsive term V D . In figures (3a)-(3d), the semiclassical dynamics is represented by the dashed, mostly horizontal lines with a vertical part corresponding to a bounce. The mostly vertical, solid lines depict the equipotential surfaces of V D . The sets of values ofȞt and V D used to plot those lines are identical for all the figures. Simple bounce. We do not redefine the time coordinate, we simply put D = 0. We obtain the dynamics discussed in [10] . The semiclassical curves as well as the potential are presented in figure (1) . Late bounce. We put D(q, p) = 1 2 qp −1 . See figure (3a) . The value of potential at each q is reduced allowing the semiclassical curves to reach smaller values of q. From this we conclude that the Planck scale, as any other physical scale, cannot have any fundamental meaning in quantum gravity and in particular for bounce in quantum cosmology. Early bounce. We put D(q, p) = − 1 3 qp −1 . See figure  (3b) . The value of potential at each q is amplified shifting the bounce of semiclassical curves to higher values of q. This behavior leads to the same conclusion as in the previous example. Multi-bounce. We put D(q, p) = q sin (5p) 10p . See figure (3c). The value of potential depends now also on p and is oscillatory in this coordinate. As the bouncing semiclassical curves must cross over many values of p, the oscillating repulsive potential produces many bounces for each curve. Via changing the frequency of oscillations one may obtain any number bounces for a given semiclassical curve. This behavior proves that even the number of bounces in quantum cosmology has no fundamental meaning. Bumpy bounce. We put D(q, p) = q sin(3qp) 10p e p/3 . See figure (3d). The phase space trajectories are very asymmetric in coordinate p. The universe in the expanding branch undergoes a number of small bumps. The usually obtained in literature solutions, which are symmetric about the bounce, follow from the employment of clocks, which are symmetric about the singularity at the classical level. Such clocks are in no way better justified than non-symmetric ones.
We emphasize that the obtained deviations from the semiclassical dynamics generated by the semiclassical Hamiltonian (13) are purely effects of transformation of clock variable and originate from a single quantization. Moreover, it seems implausible that so large differences could arise from different quantization maps in a fixed phase space. At the same time a certain smooth transition from contraction to expansion takes place according to all the clocks.
CONCLUSIONS
In this work we have studied quantum dynamics of a cosmological model with respect to many internal clocks. It has been widely anticipated (see for instance [13] ) that the clock effect is a minor effect, which produces a physically irrelevant ambiguity. This belief seems to crumble under the weight of the presented findings.
We have showed that within the employed formalism, the so called reduced phase space approach, the use of different internal clocks in quantization leads to different quantum dynamics. It appears that the physical content of any semiclassical theory can be almost freely manipulated by changing one's clock. In particular we showed that the concepts like maximal curvature scale, minimal volume or number of bounces are not well-defined without reference to a specific choice of internal clock. Concurrently we note that the essential property, the existence of a smooth transition from contracting to expanding phase, is universal for all the considered clocks.
The implications of this finding to quantum gravity are not clear at present. Firstly, one should check whether semiclassical solutions which converge, say in the asymptotic past, will also converge in the asymptotic future irrespectively of the used clock. This issue cannot be resolved with the model studied herein for the following technical reason: the physical phase space is twodimensional and the energy is conserved. Therefore all given semiclassical solutions, which converge say in the asymptotic past, must converge to a unique classical trajectory in the asymptotic future once the semiclassical correction drops and the Hamiltonian becomes classical. A higher dimensional model needs to be studied [14] .
Secondly, we obtained our result within the reduced phase space approach based a choice of clock made before quantization. However, there are procedures, based on the Dirac prescription, in which the internal clock is fixed after quantization. These procedures may produce different discrepancies between various clock-based quantum dynamics.
Thirdly, we note the existence of the so called timeless interpretation of quantum gravity, a framework according to which the choice of clock is only auxiliary and cannot determine the true, physical implications of the theory [15] . The precise nature of the apparent tension between this interpretation and the reported result is an interesting issue that we shall study elsewhere. 
